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Om usgamenbcmaa

“CnpaBouHoe nocobue Mo BhiClIeld MAaTEMAaTHKE”, MEPBbIi TOM KoTtoporo Bel mep-
KUTE B PyKax, HE SABJISACTCS KHUIOH, COBEPIICHHO HE3HAKOMON POCCHMCKOMY 4YHTATENIO.
IlepBrle TpU TOMA MPEACTABIAIOT COOOM UCIPABIICHHOE ¥ JIOMOJIHEHHOE IIepeU3/laHue By X-
TOMHOTO “CrpaBoyHOr0 I0CcoOMs 10 MaTEMaTHYECKOMY aHanu3y” TEX XK€ aBTOPOB, XOPOWIO
H3BECTHOTO CPEAM CTYAECHTOB 0] OOUXOIHbIM Ha3BaHueM “AHTU-JleMuROBHY” # CTABIIETO
PEIKOCThIO B BY30BCKUX Oubnuorekax. UeTBepThlil ¥ MATHIA TOMAa U3JAlOTCs BIEPBLIE U MO-
CBSILCHBl COOTBETCTBEHHO TEOpUH (bymcupm KOMIUIEKCHOM TepeMeHHON u Teopuu audde-
pEHOUAILHBIX YPaBHEHUH,

TTocobGue mocTpOEHO Ha MaTepualie MUPOKO M3BECTHHIX 3aJa4HUKOB — “COOpHUKA
3324 o MaTeMaTuyeckoMy aHanmu3y” moj pegakuued B.IT. demunosuua, “COopHuka 3anay
no Teopun GyHKIMHA KOMIUIEKCHOH rnepeMenHoit” JI.V1.BOJKOBBICCKOI'O C COABTOPAMH,
“CbopHuKa 3ama4 1o auddepeHiansibM ypasHeHusM” A D .OununmoBa U psiga APYrux.
Bce nsate ToMOB 00beamHEHbl 0OLIEH naeonorued “pemeOHuKa”; B KaxJoW IIaBE conep-
KUTCS HEOOXOAUMBIN TEOPETHUYECKUN MaTepuall, U3TI0KEHBI ¥ IPOUIUIOCTPUPOBAHbI MHOIO-
YUCIICHHBIMU TPUMEPAMH METO/Ibl PEILEHMsT OCHOBHBIX THUIIOB 33744, MPUBEJCHbI yIPaXKHe-
HUSA JUIA CAMOCTOSTENBHOM pabOTEl, OTBETHI HA KOTOPHIE MOMEILICHBI B KOHIIE KHUTH.

B mepBoM ToMe paccMaTpHUBAIOTCs CIEAYIOLME pPa3/eibl Kypca MaTeMaTHYeCKOrO
aHanu3a: BBEACHUE B aHAIU3 (C 3JIEMEHTAMU TEOPUU MHOXECTB, TCOPUEHN NCHCTBATEILHBIX H
KOMIUIEKCHBIX YMCEJI, TEOpUEH# BEKTOPHBIX ¥ METPHUYECKUX MPOCTPAHCTB, Teopueil mpene-
JI0B) — mepBas riasa; quddepeHipanbaoe ucuucneHue QyHKLMA OQHOM HEpeMEHHON —
BTOpas I1aBa (10 CPaBHEHUIO C NPEAbLAYIINM U3IaHUEM crona noGaBiieHsl ABa maparpada,
Kacarolyecs IoCTpoeHus rpadukoB GyHKIMA ¥ 33024 HA MUHEMYM ¥ MaKCUMyM GyHKLIMY);
HEOTIPEACNEHHbI UHTErpall — TPEThs IJ1aBa; ONPENCICHHBIA UHTErpasl (BKJIOYas HHTErpas
Crunteeca, IpWIOKEHUs OTPEACIICHHOTO HHTErpalia K pelleHuIo 3a1a4 TeOMETPUH, MEXaHU-
K4 1 QU3HKH, METOABI TPUOIIKEHHOTO BEIYUCIICHUA ONPEAETICHHEIX HHTETPAJIOB) — YETBEp-
Tas IaaBa. B mpouecce MOArOTOBKE HOBOIO M3JaHUsl OBLUIM HCIPABICHBI 3aMEYCHHBIC OTIC-
YaTKH M IPHIIOXKEHBI 3HAUUTENBHEBIE YCHIHS K TOMY, YTOOE He BHECTH HOBHIX.

B samouenue Ml 61arogapuM Bac, oporoif uutarens, 3a oka3aHHOE HAM JOBEpHUE U
HaJeeMCs, UTO 3Ta KHUra CTaHeT A Bac XopomuM nNOMOLIHHKOM.



I'nasa 1

BBenenue B aHajaus

§1. DIeMeHTH TeOpUU MHOIKECTB

1.1. Jloru4yeckue CHMBOJIBL.

B maremMaTHke 4acTO HEKOTOpHIE CJIOBECHHIE BHIPasKeHUS 3aMEHSAIOT ITOCPEACTBOM CHMBOIOB.
Tax, nanpumep, cMBoJioM YV 3aMeHSAIOT BHIpaskeHHe “IIId IPOM3BOIBHOTO” , UM “gas i06oro”, uam
“kakoro 6bI HM 6HIIO”, a CHMBOJIOM 3 — BHIpaxelue “cymecrsyer”, uau “Hainerca”. Cumpoan V
U I Ha3KIBAIOTCS KGANTNOPAMU. .

3anmucy A = B (umnauxayus) osHauaeT, YTo U3 CNPaBENIHBOCTH BHICKa3hBaHHA A BHITEKaeT
CNpaBeqIMBOCTh BRICKa3biBaHus B. Eciu, kpoMme Toro, na ClpaBeNIMBOCTH BHICKaskBaHus B BH-
TeKaeT CNpaBeIMBOCTh A, To 3anuceiBaem A & B. Ecin A & B, 10 BHICKasniBanue B ssisercs
HEO6XOMUMBIM U JOCTATOMHBIM YCIOBHEM IS TOro, YTO6Hl BHIOJHAIOCH BRICKa3biBaHue A.

Ecinu npenioxkerius A u B cnpaBenquBh ogHoBpeMeHHo, TO 3amuchiBaeM A A B. Ecan xe
CIIpaBeiNBO XOTs OBl OHO M3 NMpejiloskeHnil A uan B, To sanuctisaem A V B.

1.2. Onepanuu HajJ MHOKEeCTBaMM.

MareMaTH4eckoe MOHATHe MMONECTEA IIEMEHTOB MPUHMMAETCH B KaueCTBe MHTYMTHBHOTO.
MHoskecTBo 3ajaeTCs MPaBUJIOM WJIHM MPU3HAKOM, COTJACHO KOTOPOMY ONpefeiseM, NIPHHARIEKUT
/M JaHHBIA 3JIEMEHT MHOXECTBY WIH He MIPHHAJIIEKHUT.

MHuosxecTBo 060o3Haualor cuMBoiioM A = {z}, rie £ — obuiee HaUMEHOBaHME 3]IEMEHTOB MHO-
sxecrBa A. Yacro MuoxecTBo 3amuchBalor B Buae A = {a, b, ¢,...}, THe B durypHrIx crobkax
YKa3aHbl 3JI€MEHTH MHOXKeCTBa A. )

ByneM noisbzoBarbcs 06o3HaMeHUIMMU:

N — MHo)kecTBO Bcex HaTypalbHEIX YMCE;

Z — MHOeCTBO BCEX LEJIBIX YUCE;

) — MHoxecTBO BceX palMOHAJNbHBIX YMCEI;

R -— MHOXeCTBO BCEX NEHCTBUTENBHHIX YHCE;

C — MHOXKECTBO BceX KOMITIEKCHBIX YHCEIL,;

Zp —— MHOXECTBO BCEX HEOTPHU[aTEIbHHIX 1{EJIBIX YHUCENL.

3amuce a € A (MM A D a) 03HavaeT, UTO IEMEHT a IMPUHANIEKHUT MHO-

JKecTBy A. '

3amuce a € A (min A F a) osHadaeT, 4TO BJIEMENT ¢ He NPHHANIEKUT
MHOXKeCTBY A. .

MHoxecTBo B, Bce 31€MEHTHI KOTOPOT 0 MPMHaJJIekaT MHOXKECTBY A, Hashl-
BAETCS NOJMHONECTNEOM MHOXeCTBa A, n TpH »ToM 3amuchBaior B C A (nau
A D B) (puc. 1). Bcerma A C A, Tak kak KaXXAbIi 2JeMEHT MHOXKeCTBa,
€CcTecTBEHHO, npuHamiexxut A. Ilycroe MHoxkecTBo, T. €. MHOXECTBO, He CO-
Aepokaliiee HY OJHOro 3JeMeHTa, oGo3Hauum cumsoiioM &. Jlio6oe MHoXkecTBO
COIEPIKUT IYyCTOE MHOXKECTBO B KAUECTBE CBOETO MOJMHOXECTBA.

Onpepenernne 1. Fcau A C B A B C A, mo A u B naszvisaromes
PaGHbIMU MHOXKECTNEaMU, NPU IMOM 3anucsiearom A = B.

Onpepenenne 2. Fcau A C J, mo MHOKecmeo 3neMERIN0E MHOKECTNEA
J, ne npunadaexauwur A, nasvicaemcs donoanenuem mHoxecmea A x muo-
xecmey J (puc. 2).

Jlononnenue MHoxecTBa A k MHoxecTBy J o6osHayaloT cumsoioM Cg7A
uau npocto CA, eciu M3BECTHO, K KaKOMYy MHOXECTBY 6€peTcs AOMOIHEHHE.
Takxum o6pa3som,

CsA={z:z€J Az ¢gA} Puc. 2
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Ecam A C J, B C J, To HHorxa jlonojiHeHHe MHOXecTBa B K MHOXKECTBY A Ha3BIBAIOT pasnocmbio
MHOoxXecTB A M B u o6osnavator A\B (puc. 3), 1. e.

AAB={z:z€ ANz & B}.

Ilycte A 1 B nogMuoxxecTBa MHoxkecTBa J.
Onpenenenne 3. O6vedunenuem muonecms A u B nasvieaemes muoxecmso (puc. 4)

AUB={z:z€AVzeE B}

Puc. 3

AHanoruuno, ecim Aj, j = 1, n, noJMHoKecTBa MHOXeCTBa J, To MX o6beqUHeHHeM ByHeT
MHOXECTBO

UAj:{r,::cEA1V:c€A2V...V:cEAn}.

=1
Onpenenenne 4. lepeceuenuem nodmmoxecme A u B nasvsaemes muoxecmeso (puc. 5)

AnB{z:z€ Anz € B}.

n
AHaJloTHYHO, CHMBOIOM A; 0603HavaIOT NepeceyeHHe MOIMHOXKeECTB A;, 7 = 1, n, MHoxe-
3 J . R » 'y
=1
crBa J, T. €. MHOXKECTBO

(A ={s:c€AATEANA. .. ATEA).

y=1

Ecan xaxmomy u € M comocTaBieHo HekoTopoe MHOMKECTBO A,, TO roBopaAT, YTO 3ajlaHo

cemeticmeo muowecmes {Au}, p € M. B srom cayuae myuoxectrso |J A, = {z : Bce £ Takue, uto
HEM
z € A, x0T 6B Ui ogHoro it € M} HaswiBaloT obvedunenuem cemeticmea muoxecms {Au}, 1 €
M, a muoxectso | Ay ={r:z € A, Y € M} — nepeceuenuen 3Toro cemeiicTBa.
HEM

Onpenenenne 5. Cummempuuecxots pasnocmero deyxr muowecme A u B naivisaemes mmo-
adcmeo, onpedeasemoe obvedunenuem pasnocmett A\B u B\A (puc. 6).

CHMMeTpHYecKy10 pa3HoCcTh 06o3HavYaloT cuMBolioM A A B.

Onpenenenne 6. [Jea saemenma ¢ u b nasvieawmes ynopadouennoli napoti, ecau yxazaro,
xaxoli u3 smur saeMenInoe nepsuiil, xaxoti smopoti, npu smom ((a, b) = (¢, d)) © (a=cAb=d).

YropaioueHHYIO apy 3JeMeHToB @ U b oGosHavawT cuMBoioM (a, b).

AHanoruyHo onpenensercs ynopsjodeHHas CHCTEMa U3 12 3JIEMEHTOB a1, 42, ..., Gn, KOTOPYIO
0603HaYalOT CUMBOJIOM (a1, G2, ..., Gn). JJIEMEHTH ai, a2, ..., Gp Ha3HIBAIOTCH K0OPOUHATNAMU
ynopadouennot cucmemst (ay, dz, ..., an).

Onpenenenne 7. Cosoxynuocms 6ce60IMONHLIT ynopadouennniz nap (a, b), 20e a € A,
b € B, nasvieaemcs npoussedenuem muoxecme A u B u oboanauaemes cumeoaom A X B,

Amnasornuro, cuMmBoioM Ay X A2 X ... X A, o603Ha4aloT NMpoH3BejleHHe MHoxkecTB A; C J,
J =1, n, T. e. COBOKYNIHOCTb BCEBO3MOKHBIX YNOPAI0UeHHBIX cHcreM (a1, @2, ..., Gn), THE aj €
Ajy13=1,n.
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1.3. Byxaesa axreGpa.

Ilycte A, B u D — npouspoilbHEle MOIMHOXeCTBA MHoskecTBa J. Toria HenocpeacTBEHHO U3

onpejeeHnif oObeIHHEHNS, TEPECEUEHUS H JIOMOJHEHUS BBITEKAIOT CIERYIOUMe MpeXAoKeHH:
1) AUBCJ, AN B C J (3aMkHyToCTb onepaluii o6BeMHenns 1 TMepeceueHus);

2) AUB=BUA, AN B = BN A (KOMMYTaTMBHOCYb oTlepauuii o6LEAMHEHUS U Tlepeceye-
HUA);

3 Au(BuD)y=(AuB)uD, An(Bn D)= (AN B) N D (accoumaTHBHOCT ONepanuit
0GBeIUHEHNS U TlepecedeHus);

4) Au(BnD)= (AU B)N (A U D) (auctpubyTusnocts onepayun o6bLefMHEHUS OTHOCH-
TEJBHO OMepalliy MepeceieHus);

AN(BUD)=(AnN B)U (AN D) (aucTpU6YTHBHOCTb OonMePaiMH NEPECEUEHNUT OTHOCHTENBHO
onepauuyu o6GbEIMHEHU); .

5 AUA=ANA=A;

6) (AUB =B) & (AN B = A);

NAUB=A ANJT=A AN =0, AUT =J;

8) AUCA=J, ANCA=2.

Ecau pang snementos MuosxkectBa 0 = {A, B, C, ...} onpenelenn o6benunenue U 1 fepecede-.
Hue N, [JI1 KOTOPHIX BHINOJIHAIOTCA OTHoWeHHA 1)—8), To Tpoiixa (0, U, N) HasuBaeTca byaescoi
aazebpoti. Takum obGpaszom, ecim o — ceMelicTBo Bcex vacreil MHoxkecTBa J, To (0, U, N) —

GyieBa ajrebpa.
1.4. IIpuHUID ABOHCTBEHHOCTH.
Jlis npoM3BOJIBHEIX MOgMHOXeCTB A U B MHoxecTBa J cipaBeJIMBH PaBEHCTBA
C(AuB)=CANCB, C(AnB)=CAUCB. (1)

CsoiicTBa, samMcaHHble paseHcTBamu (1), HaspiBaloTca npunyunom deoticmeennocmu. Hx
MOKHO NMPOYUTATh CJEYIOIIMM 06pa3oM: J0N0AHEHUE K 00 BEdUNEHUIO MHONECTNE PABHO NEPECEUE-
HUw0 UL Oonoanenuti, @ BONOAHENUE K NEPECEHEHUI MHOKECTIE PaeHO 06bedunenu ux donoanenut.
Bes Tpyaa MpMHILMI JBOHCTBEHHOCTH MEPEHOCHTCH Ha NIPOM3BOJBLHOE YUCIO TIOMHOXKECTB A ; IPK

9TOM 3aITMChIBAIOT
()UAuzﬂCA,‘, CﬂA“ =UCA“. (2

B sToM cayuae cHMBOJ JONMOJHeHUs (‘ MOXXHO MEHSTh MecTaMM €O 3HakoM U miau N, npu 3TOM
3HaKM 9TH NEPEXONAT ONMH B JPYTOH. .

1.5. AnreGpa MHO>KeCTB.

Mycts J — HexoTopoe MHoxecTso, a P(J) — cHcTema BCEX NMOIMHOXKECTB MHOXeECTBa J .

Onpenenernne 1. Henycmoe cemeticmeo R C P(J), samxnymoe omuocumensno onepayuti
06beIUNENUR, NEPECEUEHUS U PAIHOCTIU MHONCECTILE, HAIBIBAEIICR KOALYOM MHONECM G,

Onpene.ne}me 2. Munomecmso F naszvicaemcs edunuyeti cemeticmea MHowecms 3, ecau
F el uVA € X cnpasedauso pasencmeo A N E = A.

Onpenenenne 3. Koavyo muoxecme, codepiauiee 6 xauecnee C60€20 INEMENMA €FURLYY,
Hagvieaemes anzebpoti MHoXx ecms.

Onpenenerne 4. Cemeticmeo muomxecne S C P(J) nasvieaemcs noayxonsyom, ecau ono
codeprkum nycmoe mmoxkecmeo u ecau YA € S u VAL C A cyuecmeyrwom maxue MHOKECMEE
Ag, A3, ceny An € S, ymo

A=A UAU ... UAn,
20e cumeoa U o3nauaem 06vedunente HENePeCEXMOUUTCE MHON ECING.
1. Jloxazars cnipasepauboers oTHomennii 1)—8) nynxra 1.3.

1) o onpenenennio 3, . 1.2,
AUuB={z€J:z€AVz€B}

CllefioBaTeJIbHO, U3 BKIIoUYeHHs © € AU B caenyer xt € J, .. AUBCJ.
AnaistoruuHo, o onpeneienuio 4, m. 1.2,

ANB={zeJ:z € ANz € B},

nosToMy M3 BKilodeHus t € A N B cuepyer Briaouenue AN B C J.
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2) llockonbky BeICKa3mBaHMe & € AV © € B paBHocuiIbHO BhIckassiBaHuIo £ € BV x € A, To
AUB={zeJ : z€AVz€E€B}={z€J:s€BvreA}=BUA

Bropoe paBeHCTBO HOKa3bIBAE€TCA aHAJIOT MUHO.
3) B cuny cBoMCTB JOrM4ecKoro cMMBola V, HMeeM

AUBUD)={zeJ:z€ Avee(BuD)}={zseJ:z2€AV(zE€BVzED)}=
={recJ:(z€AVzEB)VseD}={zeTJ:x€(AUB)Vvs € D}=(AUB)UD.

BTopoe paBeHCTBO U3 3) JOKa3BIBAETCA aHAIOTUYHO.
4) Umeem

AUu(BnD)={zeJ:z€Avze(BaD)}=
={z€eJ:x€AV(ze€BAzeD))={c€T:(z€AVzEB)A(c€AV e D)} =
={ze€J:(t€AUB)A(z€c AUD)}=(AUB)n(AUD).
BTopoe paBeHCTBO oka3bIBAE€TCA AHAJIOTHYHO.
5)Hycrbz € AUA, Tormaxz € AAz € A, 1. e. £ € AU, TeM CaMBIM, ClIPaBEJIMBO BKIIOMEHHE
AU A C A. O6patHoe BkiloueHre A C A U A HENOCPENCTBEHHO CIEYET M3 ollpeleleHus
o6renuHenus. Us OByx nocieIHUX BKIIOUYEHUI BHITEKaeT PaBeHCTBO A U A = A.
PaBencteo A N A = A pgokasplBaeTcs aHaJOTHYHO.
6) [penmonoxum, uto cipasenauso paseHcTso A N B = A. Torna
(AnB=A)=>(ACANB)= (ACB).
Tlonbsysace Moay4YeHHbIM BKAIOUEHHEM, HAXONUM
AUB={z€J:2€AVeeB)C{zeJ:z€BViecB)=8
A nockomsxky AUB D B, To AU B = B. Takum obpa3som,
(AnB=A)=> (AU B =B). (1)
Ilycrs Temepy A U B = B. Torpa cnpaBenaMssl MMIIHKaIMK
(AuUB=B)=>(AUBC B)= (AC B).
Honbayxcs BkawouenuemM A C B, naxogum
ANB={z€J:s€ANz€EB)D{zeT s € ANz € A} =A.
A nockosbky cnpaBefinso ¥ obpaTHoe BKiioueHue A N B C A, To AN B = A, ciegosaTeibHo,
(AUB=B)= (AN B =A). (2)

s (1) u (2) caenyer (AN B=A) & (AU B = B).

TVEctt z € AU D, 10t € AV z € &. [TocKoIbky MHOXKECTBO & He COAEPKUT HH OJHOro
3feMeHTa, To U3 £ € A U & cienyer z € A, 1. e. AU & C A, YTO COBMECTHO C BKJIIOYEHHEM
AU @2 D A paBHOCHIBHO paBeHCTBY A U & = A.

) Hanee,us 2 CANBC L HENOCPENCTBEHHO ClENyeT PaBeHCTBO AN & = .
ﬂqcxo:xbxyACJ,To AnJ={ze€TJ : z2€ ANz €T} D{s €Tz €ANTE A} =A,
YTO COBMECTHO C BKiIwuenneM A N J C A siaeuer paBencrso A N J = A.
Haxonel(, nernocpencrsetto ua pximovenuit J C AU J C J cuenyer pasercteo AU J = J.
i 8) Coraacho cBojicTsy 1),
AUCACJ. (3)

Ilycrs x € J, Torpa ecin ¢ € A, To vt € AU CA; ecitn ke ¢ ¢ A, To € CA U cHoBa

x € AU CA. Takum o6pazom, us ¢ € J cuegyer x € AU CA, 1. e.

J Cc AUCA. 4)

U3 (3) u (4) caexyer paBeucrso
AUCA=J. (5)
Ins noxasatenscrsa paseHctsa A N CA = @ nokaxeM, yTo MHoxkecTso A N CA He compepKuT
HHM ORHOrO 31eMeHTa. [leifcTBUTENbHO, COTrlacHO paseHcTBY (5), m0GON s1eMeHT MHoXecTBa J
npunagnesxkur A uiu CA. Eciu © € A, To x € CA u, creposarensno, z ¢ AN CA. Ecnu xe z €
CA,10 2 € A (Tax kak ecni 661 £ € A, T0 z &€ CA), 1 cHoBa z € AN CA. TlockoibKy MHOKeCTBO
AN CA He cogepHUT HU OTHOTO 3teMeHTa, TOo 3TO MHOJKeCTBO nycroe, T. . ANCA=92. »
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2. JlokasaTh MPHHIMIT J[BOHCTBEHHOCTH:

C(Au B)=CANCB, ' : 1)

C(AnB)=CAUCB o {2)
(cM. paBencrna (1), m. 1.4). » C o
« Jlokaxem pasencrso (1) (paBencTso (2) nokassiBaercs aHaJlorwmo) ooy

Hycre z € C(A U B), Toraa, coritacio paseHcTBy (5) mpensiiymeit sagauu, © € A U B T. €.
t€ ANz &€ B. Orciona ¢t € CAA z € CB, a ciegosatensho, £ € CANCB. Takum oﬁpaaoM

C(AUB) C CANCB. @

pennonoxum teneps, uto £ € CAN CB. Torna z € CAAz €CB, T.e. s ANz E€B,a
sHaunT, t € AU B u t € C(AU B). Orciona

C{AUB)CCANCB. | (4)
Us Brmouennii (3) u (4) caegyer pasencrso (1). »
3. Jloxasars paBencrBa ‘
AU(ANB)=AN(AUB) = A. T ¢}
« Toab3ysce cpoiictBamu 4) U 5) 3amaun 1, nojyvaeM Nepsoe U3 PABEHCTB (1) o ;‘}" '
AU(AnB)=(AUA)N{AUB)=AN(AUB).

OcTraerca nokasath, 4To AN (AUB)=A. Ecmz € AN(AUB), Toxr € AN EAU BN
clleffoBaTeNIbHO, '

AN(AUB)CA. 2)
Ecinxe t € A, ot € AU B, asnaunt, s € AN(AUB), 1. €. Ceose e E
ACAN(AUB). (3)

W3 sraouennii (2) u (3) ciienyer BTopoe u3 paseHcTs (1). » s

4. JloxasaTh pasencTsa:

a) CCA=A4;6) CJ =2;8) Co=J.

< a) Ecin ¢ € CCA, 1o ¢ ¢ CA, a nosTomMy T € A M cnpaBejauBoO BRIIOUEHME CCA C A
Hao6oport, eciin ¢ € A, To © € CA, a nosromy ¢ € CCA u cnpasenupo Bkmiouenne A C CCA.
U3 nokaszaHHEIX BKJIIOYEHUIT ClleAyeT paBEHCTBO a).

6) Muoxecrso CJ nycroe, Tak kak orpuuanue ¢ € CJ cnpasenauso gag moboro z € .7

B) Ecim ¢ € J, To = € &, a nosTomy ¢ € C& u, creposatensho, J C C2. Iockoarky Bcerna
C@ C J, To 13 MocilefHUX ABYX BKIIOYEHUH CIelyeT PABEHCTBO B). P s

¢

5- HoxasaTb CITpaBeJJIMBOCTh BKJAIOYEHHA
(A\B) C (A\D) N (D\B).

o Hycrs z € (A\B), Torna ¢ € A A ¢ ¢ B. Ecau npu srom z¢D, 10 = € (A\D) M,
caeposatensio, v € (A\D) U (D\B). Ecuu xe z € D, 1o nockoasky z ¢ B, naxonuM, 4To,
¢ € (D\B), a nostomy z € (A\D) U (D\B). Takum obpasoM, Kak nmpu ¢ D, Tax u npu
£ € D ua ycinosus ¢t € (A\B) cienyer ¢ € (A\D) U (D\B), 4To PaBHOCHABHO JOKA3HIBAEMOMY
BKIIIOYEHHIO. P

6. Onpenpenutb Muoxectsa AU B, An B, A\B, B\A, A A B, ecan:

a) A= {z: 0<cr<2} B—{x 1< z<3}, )

6) A={z:2°-3x <0}, B={z:2° -4z +3 >0} :

) A={z:]jz—-1<2}, B={z: |z—1]+|z—2|<3}.

<« Tounbsysce onpenenenussMu o6beTMHEHNS, TepeCeUeHHs, PA3HOCTH ¥ CUMMETpHeCkoMi pas-
HOCTM MHOECTB, HaXOIMM:

a) AUB={z:(0<z<2)Vv(1gzg3)}={z:0<2<3}

ANB={z:(0<z<2)A(1€<eK3)}={2z:1<z<2);

AAB={z:(0<z<2)Az&[,3)}={z:0<z <1}

B\A={r:(1<z<3)Azg, 2} ={r:2<2<3);

AAB={z:(ABY)U(B\A)}={z:(0<z<1)V(2<z L3I}

RO oS

o
P A
Vi W

T

IS A YERNS £ 13 1
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6) Mockonbky ¢ —3z < 0 a0 <z < 3,10 A= {z : 0 < z < 3}. Hepasencrso t°—4z+3 > 0
cripaBefHBO Aist —00 < £ K 1 u 3 €z < +o0o. ObosHaunm D = {z:—c0o <z 1}, E={z:3<
z < 400}, torna B = D U E. Ucnonbsys cpoiicTBa olepauMii Haj, MHOKECTBAMM, HaXOMUM:
AUB=AUDUE)=AUDUE={z:(0<z<3)V

V(~oo <z <) V(B Kz <+0)} ={r: -0 <z < +o0};

ANB=ANDUE)=(AND)UANE)={z:(0<z 1)V €} ={z:0<2x< 1}

AB=A\(DUE)y={s: s €AN(z¢DVzgE)}=
={z:(z€ ANz ED)V(z€ANz € E)}=(A\D)U(A\E)={z:1 <z <3}

B\MA=(DUE)\A={zs: (s €DVvzeE)rzgA}=

={z:(re€DAxgAV(zeFrnz g A)}=(D\A)U(E\A) =

={r:(-~o<z<0) V(3T < +0)};

AAB=AA(DUE)y=(AA\(DUD)u (DU E\A) =

y ={z:(1<z<3)V(-00<z£0)V(3Lz<+oo)} =

' ={r:(-c0<z<0)V(l <z < +00)}.

B) BannueM sBHoe Brpakenne N MHoxkectBa A= {z: 2 <2—-1<2} ={z: -1 <z < 3}.
3ateM, pemas HepaBeHcTBo | — 1| + |x — 2| < 3, HaXOJAHUM sBHOe BHIpak€HUe [ MHOXECTBa
B={z:0<z<3}. Torna

AUuB={z:(-1<z<3)V({0<z<3)}={z:-1<z <3}
ANB={z:(-1<z<3)A(0<z<3)}={z:0<z <3}
A\B:{x:(—l<x<3)/\x€]0,3[}:{z:—1<x<0};
B\A={z:(0<z<3)Azg]-1,3}=®o
AAB=A\B)UB\A)=A\B={r:-1<z< O}D

XA
Y.

)
A 4

e e

é x

Prove
7

Puc. 7 Puc. 8

7. Hmeem A = {(,9) : |2 + |yl < 8} (puc. 7), B =
{(z,9) : /2?4 y* < 8} (puc. 8), —{(x y) : max{|z|, |¥|} < 6}

{puc. 9). Hokasare, 4ro A C B
< Ilycrs (z,y) € A, Torna |z| + }y] < 8. Orciona

~

Va2 + 32 <\/x? 4 20allyl + 97 = |2+ |y < 5,

T-e. (Z,y) € B, 4T0, B CBOIO 0Yepenb, BleueT BHINMOJHEHHE HEPa-

BEHCTBa
max{|z|, |y} < /22 + 92 < §,

a ciegosaTellbHo, M BkialodeHue (z,y) € D. Takum ofpasom,
ACBcD » Puc. 10

8 Mycts A={z:2< <4}, B={y:1<y<3}. HUsobpasurs na naockoctu zOy
MHOXKeCTBO Tovuek A X B,

« Hockomvky A x B ={(z,9): (2< <4 A (1 <y <3}, ro Ax B ecrb coBokynHocTs
TOYEK MPAMOYIoJIbHHKA, OT PAHUYEHHOTO NPIMBIMK = = 2, z =4, y = 1, y = 3 (puc. 10). »
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9. Hoxkasars, uTo cemeiictso R, 3aMKHYTO€ OTHOCHUTEJIBHO 06beIMHEHUS H Pa3HOCTH, IBAKETCHA
KOJIBI{OM.

<« llycts A u B — npoussonbHue MHoxkecTBa cemeiictBa R. Iockonsky A N B = A\(A\B),
a ACR, AABC R, 10 AN B C R. CuenoBareibHo, CeMeCTBO R 3aMKHYTO OTHOCHTEIBHO
06BeMHEHN, TIEPECEUEHUA H Pa3HOCTH, T. €. SBJIAETCS KOJBUOM. P

10. Toxkasars, 4To cemeiicTo R = {a, @}, cocrosiee U3 HEMYCTOrO MHOXK€ECTBa @ M IIYCTOTO
MHoxecTBa @, obpasyeT koablo. SIBigercs nu 9To Koiblo alrebpoin?

< Cemelictso R cojtepskHT cBOMMHU 3ileMenTaMu obbenMtende a U & = a U pasHocTH a\@ =’
a, Z\a = &. [lostoMy R 3aMKHYTO OTHOCHTEIBLMO OGLENMHEHMS ¥ Pa3sHOCTH, T. €., COLAACHO
NMpeRBIIYIEMY IPUMEDY, ABISETCS KOJILLUOM. A Tak Kak sJeMeHT a € R cojepuT BCce oCTajibHEE
MHOKeCTBa CeMelicTBa R, To @ — enunuia cemeiictsa. a R — aire6pa. »

11. Oycrs Muoxecrso J = {a, 8, ¥} cocTout na Tpex snementon, a P(J) — cemeiicTro Bcex
HOJMHOXXECTB MHOXecTBa 7.

a) 3amucaTb Bce alre6phl, KoTopble MOXHO MOCTPOMTb M3 3lleMeHToB MuoxectBa P(J), u
yKka3aTb MX €IUHMIbI. ’

6) Omucath BCe Kkoilblia, KOTOPBE MOXHO NMOCTPOMTHL U3 JI€MEHTOB MHoxecTBa P(J).

B) Omucarh Bce NMOMyKouablla, KOTOPHE MOXHO MOCTPOMTH M3 3JIeMEHTOB MHoxectBa P(J) u
KOTOPHIE€ He ABJIAIOTCA KOJIbI[aMH.

< a) Ipocrelimumu anre6pamu ssasorcsa: cemeiicreo {@}, cocTodmee M3 OXHOTO IYCTOro

MHOK€eCTBa; TPH alre6Gput
{{a}, 2.}, {{8}, 2}, {{r}, &},

COCTOAIIMe U3 [BYX 3I€MEHTOB C €MHHI[AMH, COOTBeTcTBeHHo paBHum¥ {a}, {8}, {¥} (cm. npe-
JBIAY ML IpUMep); WecTh anrebp

{{a, 8}, {a}, {8}, 2}, {{a, 7}, {a}, {7}, &},
{8, 7}, {8}, {n}, 2}, {{a, 8}, 2}, {{a, 7}, @}, {{B, 7}, 2},

€IMHULAMH KOTOPbIX COOTBETCTBEHHO sBisioTca MHoxecTBa {a, 8}, {a, v}, {8, v}, {«a, 8},
{a, 7}, {8, ¥} Jlerko BupeTh, UTo MO6OE M3 ITUX CEMENHCTB 3AMKHYTO OTHOCHTENBHO OObEIMHEHNS
M Pa3HOCTH; YETHIPE alre6pul

{7, {e, 8}, {7}, 2}, {T, {a, 7}, {8}, &}, {T, {8, 7}, {a}, 2}, {T, 2},

€JIMHMLEH KOTOPHIX sABlIseTca MHoxecTBo J. HakoHell, o6beANHEHHE BCEX IEPEUYMCIAEHHHIX anre6p

{7, {a, B}, {a, 7}, {8, 7}, {a}, {8}, {1}, &}

TakoKe ABJdeTcsa ajrebpoii ¢ enunuuer J .

6) Bce npuBenenHsie B myHkTe a) aiareGpr, eCTECTBENHO, ABIAIOTCS KoiabuaMu. JIpyrux koxex
HET.

B) Bcesaxoe koubuo ABiasgeTcsa modykoibiuom. [leficTBurensro, M3 yciosua, uto A m Ay C A
npuHapiaexar koiuby R, ciepyer, uro

A=A1UA2, roe A, =A\A1 C R.

Kpome Toro, B HameMm ciyuae MOXHO IMOCTPOMUTL NMPHMEPH! MOIYKOIEL, KOTOPHE HE ABIAAIOTCH
koabsuaMu. Hanpumep, ceMeiicTBa

{{a}, {8}, 2}, {{a}, {}, @}, {{8} {7}, &},
{{a, 8}, {7}, 2}, {{a, 7}, {8}, 2}, {{B,7}, {a}, &}

B camoM Jtelle, B ka’kJoM M3 WIECTH CEMeNHCTB MepeceveHHe TIOOGBIX JBYX 3/eMEHTOB CEMeEH-

o o v o *
CTBa NMPMHANJIEXKHT 3TOMY ceMeHcTBY. J[lallee, KaskEbIM HENYCTON 3jIeMEHT CeMEHCTBA MMeEET B
Ka4yecTBE CBOETO MOJMHOXXECTBAa TOJbKO CaMO MHOJXKECTBO, IOTOMY, HallpMMeEp, s CeMeHCTBA

{{B) 7}a {(’l}, Q}’ HMeeM
{8, 7} =A{8,7}um ={8, 7}, {a} ={a}uo={a},

T. e. BTOpOE YCIOBHE ONpefeleHHs TONYKOMblla BHIMOMIHAETCS. llonykonbloM sBisercs o6oe
cemeiicTBo, cofepxamee {a}, {8}, {7}, @, 1o He cosnapatomee ¢ P(J): )

{{a, 8}, {a}, {8}, {7}, 2}, {{e, 7}, {a}, {8}, {v}, @} nr m
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ITokaskeM, HanmpuMep, uro cemeiicteo 5 = {{a, ﬂ}, {a}, {8}, {7}, @} — nonyxousuo. HeiictBu-
TeJABHO, TiepecevyeHie MOGHX IBYX 2J€MEHTOB ceMelicTBa S CHoBa sBnsercs siaeMeHToM S. [laiee,
AJA BCAKOTO dJ€MeHTa S cripaBemiuBo pasnoxenue: {a, f} = {a} U {ﬂ} {a} = {a}, {8} ={5},
{7} = {7} na Hemepecekawoumecs muoxecrBa. Takum o6pasom, ceMelicTBo § — MOMyKOMBLO. P -

12. Mycre Tpu umucaa ¢, b u ¢ ynoBIeTBOpsioT HepaBeHcTBaM & < ¢ < b. Ilokasarts, 4TO

ceMeRcTBOo
S = {[ay b]’ [a’ C]’ [Ca b]: [a) c[) [C, C]7 ]C, b]) @},
COCTOsSIIIEE U3 CETMEHTOB M NMOAYCETMEHTOB, O6Pa30BaHHBIX TOUKAMHM G, b U ¢, ABIAETCH MOILYKOID-
1OM, HO He KOJBbI{OM.
o« [lepeceuenne MOGHIX ABYX 2/1EMEHTOB CEMEHCTBA 5 €CTH IMEMEHT 3TOTO XKe CEMEUCTBA, T. €. 5
3aMKHYTO OTHOCHTEIBHO ONtepaniuu fepecevenus. Qanee, miob6oit 31eMeHT ceMeHCTBa S Aomyckaer
pasnoXkenue Ha HellepecekalolliMecs YacTy, NpuHaanexaliue S. Hanpumep,

[a, b} = [a, c]Jue, b] = [a, c[U[c, c]U]e, b] = [a, c[U[c, B], [a, c]=]a, c[U[c, ] u T. 1
CeMeitcTBO S He ABIAETCA KOABIOM, Tak Kak OHO He 3aMKHYTO OTHOCHTENbHO o6benuHeHus. Ha-
npumep, [a, ¢[U]c, b] He npunagrexur S. »

13. Hoxaszats, 4to
(AN B) x (DA E)=(Ax D)n (B x E). (1)

« Iycrs (z, YEMNB)x(DNE), rorgaz € AN B uy € DN E, uTo paBHOCUIBEHO
ToMy, ut0 2 € AAs € B uye DAy€ E. Anockonsky t € ANy € D, 1o (z,y) € Ax D,
AnanoruyHo, us ¢ € B A y € E cuenyer (z,y) € B x E. Takum obpasom, (z,y) € (A x D) N
(BxE)n

{(ANB)x (DN E)C(Ax D)n (B x E). (2)

TIpennonoxum reneps, uro (z, y) € ((A x D) N (B x E)). Torna (z,y) € (Ax D) A(z, y) €
(B x E) u, cnenoBarensio, t € ANye€D uz€BAye L Orconaz€e AnBuye DnE,
T. e. (z,y) € (AN B) x (D N E)) u cnipaBeauBo BKIIOYEHHE

(AxD)n(BxE)C(AnB)x(DnE). 3)
Ha srmouennit (2) u (3) cuenyer (1). »
YnpaxHBeHus NS CAMOCTOATEILHOM paGoTH

1. lokasaTh paBeHcTBa:
a) Cl A, =(CA,; 6) CNA.=JCA,

u u I u
(cM. paBencrsa (2) m. 1.4), rue p NPUHANIEKUT NPOM3BONLHOMY MHOKECTBY.

2. llycrs A C B u D npoussoisHele MHOXKecTBa. Jl0ka3aTh CpaBedHBOCTS BRIIOHEHHIH:
a) AnDCBnD; 6) AUDCBUD.
3. okasats, wroecntu ACBAACD, 10 ACBND,
4. Jlokasars, yroecin ACDABC D, 10 AUBCD.
5. Jlokasars CHpaBeydMBOCTH PABEHCTB:
a) AAB=(AUB\(ANB); 6) AUB=(AAB)A(ANB); B) AAB=AA(ANDB).

6. Jlokasars, 4TO NS CHMMETPHYECKOH Pa3HOCTH CNPABENIHBO BKIIOUEHUE

AABC({(AAD)YU(BAD)).

7. Jlokasarb clipaBegJIMBOCTH BKIIOUEHHH:

a) (A1 v AQ)\(B] U B2) C (Al\Bl) U (Az\Bz);

6) (CA] U CAQ) A (CBl U CBz) C C((CA1 A CBl) N (CA2 A CB2)),
rne A,, A2, Bi, B, — nooMuoxecTrBa MHOXecTBa J.
"+ 8. HokazaTh uro:

] a) (A1 UAQ) A (Bl U Bz) C (A1 A Bl) U (A2 A Bz)

6) (A N Az) A (B N B;) C (A1 A Bi) N (A2 A By
" 8) (M\A2) A (Bi\B2) C (A1 A Bi)\(4; A By),
rae Al, ‘A2, By, B — nogMHoXXecrBa MHOXecTBa J .

9. Onpeneants MuoxectBa AU B, AN B, A\B, B\A, A A B, ecn:
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a) A={z:-4<z<1}, B={z:0<z<4}; ‘

6) A={z:2° -z —-2>0}, B={z:6c—2?>0);

B)A:{z:silnrz:O},B={z:cos”2—z=0. AR

10. Onpenenurs MmHoxkectBa AU B, AN B, A\B, B\A, A A B, ecan:

a) A={(z, 9):2® +9° <1}, B={(z, 9) : |z + |yl <1};

6) A= {(z, y) : max(|z, |y]) <1}, B = {(z, y) : |zl + |y} < 1};

B) A={(z,y):|z[+ ]yl <2}, B={(z,9): /(z -2 +(y—2)* < 2}; o

) A={(z, y): Ve? +9* <2}, B={(z, y) :max(|z +1], ly+1)) €2}. . o

11. Onpepenurs MHOXecTBO A X B, ecau: 2~

a)A:{z:-—2<x<1},B={y:—3<y<1}; .

6) A={z:0€z<1}, B=DxE, rneD={y:0<y<2}, E={2:0<2z<3};

B) A={z:-—oo<z<+oo}, B ={y:sinny=0};

r) A={z:sinnz =0}, B={y:—o0o <y < +x}.

12. Ilycre MHoXecTBo J COCTOMT M3 YeTHIpex dIeMeHToB o, 3, v ¥ §, a P(J) — cemeih:‘mo
BCeX NMOIMHOXKECTB MHOXKecTBa J , BKJIIOYas M NyCTO€ MHOXECTBO. R

-a) ITocTpoUTE NMpUMepHl aare6p, eANHKILAMH KOTOPHIX BIAIOTCE COOTBETCTBEHHO MMOXKECTBA!

{a}, {a, 8}, {o, 8, 7}, {e, B, 7, 6}

6) IlocTpouTs NMpuMep kOIBHA, KOTOPOE CONEPKUT B KAYECTBE CBOMX 3JIEMEHTOB MMOXKECTBA
{e, B, 7, 6}, {a}, {8}, {7}, {6}. Byner uu v10 x0uBUO anreGpoi? Cs

B) Ilocrpouts npumep noxykonsia (Ho He koJbI(a), copepxkaliero MHoXecTBo {a, #,, 8}

13. Ilokasars, uTO MHOXECTBO BCEX CErMEHTOB, ITONYCETMEHTOB M MHTEPBAIOB Ha YHCIOBOI
NPAMOH ABJAKETCA MOMNYKOILLOM, HO HE KOJBI[OM. '

14, [Toka3aTk, YTO CEMEHCTBO BCEX npoOyfonLHnKOB BHOa

I={(z9):a<z<h c<y<d} .

roe a, b, ¢ 1 d — meiicTBUTENBHEIE YKMCTa, npuYyeM 4 < b, ¢ < d, ABAAETCH MOAYKONBLIUOM, HO He
KOJNBIOM.

15. KakuMu MHOKECTBaMH clieflyeT TONOJIHUTS ceMeilcTBO, paCCMOTpenHOe B 3afiave 14, yTo6kI
OHO NPEBPATHIIOCEH B KOJIBIOT

16. lokasats, uto:

a) (AUB)xD=(AxD)U(BxD); 6) Ax(BUD)=(Ax B)U(AxD).

17. okasars, 4To: .

a) (A\B) x D =(Ax D)\(B x D); 6) Ax(B\D)=(Ax B)\(AxD).

18. Jloxasars, urto

(AUB)x(DUE)=(AxD)U(BxD)U(AxE)U(BxE).

§ 2. dynkuus. OrobparkeHune

B

2.1. ®yuxuusa.

Onpepenenne. Omobpaxenuenm muowxecmea E 6 mmoxecmeo F, uru dynxyueti, onpe-
denennott na E co snavenusmu 6 F, nazvieaemcs npasunro, uau saxon f, xomopuiii xaxdomy
anemenmy £ € E cmasum e coomeememeue onpedenennviti snemenm f(z) € F.

Oaement z € F nassiBaor nezasucumvin nepemenroin, WIH apzymenmon GyHKRIUK f, 31eMEeHT
f(z) € F uaseBalor 3navenuem pynxyuu f, wiu o6pasom; NpH 9ToM dileMeHT = € E masnsaercs
npoobpazom snementa f(r) € F. .

Orobpaxenne {dyHKIIO) 06bIMHO 0603HayaioT 6ykBoit f wiu cumponom f : B — F, ykasuipas
TeM caMHIM, YTo f otobpaskaer mMHoxecTBo E B F. VYnorpeGisercs Takxe ofosuaieHHe T +>
f(z), yxasoiBaioutee, TO aneMeHTY T cooTBercrByer aiaeMeHT f(z). Huorma dbynxumo, ynpﬁlto
3a1aBaTh NOCPENCTBOM PABEHCTBA, B KOTOPOM CORCPIKHTCS 3aKOH COOTBETCTBHA. Hal’Ilequ, uoxmo
TOBOpUTH, UTO “QyHkiuus f onpegeleHa paBeHCTBOM f(z) =+Vr?+1, z € fa b)™. Ec u y
o6lllee HaMEHOBaHHE JJIEMEHTOB MHOxecTBa F, T. e. = {y}, 1o orobpaxkenne fr E —
3aNMCBIBAIOT B BUIE paBeHCTBa y = f(z) ¥ roBopaT, 4TO 310 oroﬁpa)rce}me aanaro gy, ¢
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2.2. O6pa3s ¥ nNpoo6Gpa3s MHOSKeCTBA IPH 3a7aHHOM OTOGpasKeHUH.

Ilycts 3amano orobpaxenue f: F — F v mMHoxectso D C E.

Onpenenenne 1. Muowxwecmeo sremenmos us F, xamduiti us xomopwix seasemcs obpazon
zomsa 6vi 001020 daemenma uz D npu omobpaxenuu f, nasvisaemes obpazom mmoxecmea D u
obosnavaemcs f(D).

OueBuHO,

f(D)={f(z) e F:z € D}.

ycrs Teneps 3amano muoxecrso Y C F.

Onpenenenne 2. Muoxecmeo sremenmos ¢ € E maxur, umo f(xr) € Y, nazvisaemcs
npoobpazom muomecmea Y npu omobpamenuu f u ob6oanavaermcs f- 1(Y)

Acuo, uro

['{Y)={z€E: f(z) €Y}
Ecmmy € F,10o f~'(y) = {z € E: f(z) = y}. Ecnu npu kaxxaom y € F muoxecrso f~(y) cocrour
He Gosiee YeM U3 ONHOro siieMeHTa ¢ € E, To f Ha3BIBACTCH 63GUMHO 00HOIHAUNBIM OMMOOPANEHUEM
E B F. BripoueM, MOKHO ollpefefluTh B3aMMHO OJHO3HaHOe oTo6pakeHue f MHOXKeCTBa E ua F.

Onpenenenne 3. Omobpaxenue f : E — F nasvicaemes:

UNDEXTNUGHBIM (UTU UNDEXYUEl, UAU 6IAUMNO 0IHOINAUNBIK OMOBPAN EHUEM HHONECTEA
E 6 F), ecau (z # z') = (f(z) # f(z')) uru ecau Vy € F ypasnenue f(z) = y umeem ne Goaee
001020 pewrenus; ’

coptexmueHoiM (uru copvexyuel, uau omobpaxeruen muoxecmeéa E na F), ecau
f(E) = F uau ecau Vy € F ypasuenue f(x) =y umeem, no xpaiineli mepe, 00no pewenue;

buexmuentim (uru buexyueli, urU 63aUMHO 00HOIHAUNBIM OMObpaxenuen Muowecmea E
na F'), ecau ono unvexmuseno u cropvexmueno uru ecau Vy € F ypasnenue f(r) =y umeem 0dno
U MOALKO 00HO peterue.

2.3. Cynepnosuuus oro6paskesduit. O6paTrnoe, napaMeTpHyeckoe 1 HeIBHOE
oToGpakenus.

Onpenenenne 1. lIyemv f: E— F, a g: F — G. [locxoavxy f(E) C F, mo omobpaxenue
g xawdomy snemenmy f(z) € f(E) C F omnocum onpederennviti snemenm g(f(x)) € G.

Takum o6pasom, kaxgomy ¢ € E nocpencrsom npabuia g o f NOCTaBieH B COOTBETCTBHE dile-
ment (g o f)(z) = g(f(z)), 9(f(z)) € G. TeM camrim onpegneneno HoBoe oTo6pakeHHe (MM HOBax
byHKIHA), KOTOPOE HA30BEM KoMnozuyuel omobpaxenuti, UK cynepnosuyueti omobpaxenudi, Win
cROMHBIM omobparenuem.

Onpenenenne 2. Ilyemov f: E — F — Guexmusnoe omobpawenue u F = {y}. B cuay
6uexmueuocmu f xamdomy y € F coomsemcmeyem eduncmsennwiii 06pas x, xomopoui o6oauauu.u
uepes 7' (y), u maxoii, umo f(z) =y. Taxum o6pasom, onpedeaeno omo6paxreuue FFLF->E,

xomopoe Hazvisaemcs oOpamuuvim omobpamenurw f, uau o6pammuoti dyuxyued d)ymcuuu f.
Ouenunno, otobpasxenue f oGpartHoe otobpaxenuio f . [lostomy orobpasenus f u f~1
Ha3bIBAIOT 63auUMHO obpamubimu. {11 HHX ClIpaBelIMBEI COOTHOIEHHS

W)=y VYyeF; f(f(z)) =z VzekE.

Omnpenenenne 3. llyemv ¢ : Q@ — X, ¢ : Q@ — Y, npuuem zomsa 61 00n0 uz smuzr omobpa-
aenudt, nanpumep o, 6uexmueno. Toeda cywecmeyem obpammuoe omobpaxenue ™' : X = Q, a
anavum, Yol X Y.

OrnpeneseHHoe TakUM 06pas3oM oToGpaskeHHe HasbiBaeTCs 3aJlaHHEIM MTapaMeTPUHUECKH C IOMO-
wpI0-0TO6paxeHun ¢ : ! — X, ¥ : Q@ — Y, npuieM nepeMeHHoe U3 (! Ha3LIBAETCA NAPAMEMPON.

Omnpenenenne 4. [Mycms na mnoxecmse (G = X X Y onpedeneno omobpaxenue F : G — A,
2pe muomecmeo A codepwum nyaesoti aaemenm. [lpednorodum, umo cyuecmeywom Muoxecmea
E C X, B CY maxue, umo npu xaxdom duxcuposannom £ € E ypasnenue F(z,y) = 0 ume-
em edurncmeenroe pewenue y € B. Tozda na mmoxecmee E momno onpederums omobpaxenue
f + E — B, cmasawee xawxdomy t € E 6 coomeemcmeue mo 3mauenue y € B, xomopoe npu
YKAIGUHOM T R6AREMCA pewenuem ypasnenus F(z, y) = 0.

OTHOCHTEIBHO TAaK ONpejleleHHOrO oToGpaxeHus y = f(z), ¢ € E, y € B, roBopaT1, 410 OHO
3afJaHO HEsA6HO MOCPENCTBOM ypaBuenns F(x, y) = 0.

Omnpenenenne 5. Omobpawenue f : E — F uasvisaenmca npodoaxenuem omobpaixenus
9:D— F,ag — cyxenuem omobpawenus f, ecau E DD u f(z)=g(z) Ve € D.

Cyxenne otobpaskenus f : E — F Ha muoxectBo D C E unorga o603HauaioT cuMBonoM f|p.
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Onpenenenne 6. I'paguxom omobpanenusa f: E — F nazvisaemcs muomecmeo

G={(z, f(z)):z € E, f(z)e F}.
Acho, uto G C E x F.

14. Tycrs oto6paxenne f: R — [—1, 1] 3anano pasencrsom f(z) =sinz.

T P 4 R M (4 A
x) £ ([0, 5])5 9 @0, 22 w0 575 0 57 (3)5 @) 57 (7) w) f7 (
W) S0 0) 570 -110; w7 (o).

2
« [Tonesysch Tabiaieidr TPUTOHOMeTPUHECKHX (DYHKIIUI, HAXOTUM:

a)f(O):sinO:O; ﬁ)f(%):sin%_:%;
B)f(%)=5i1]4=‘/5; T)f(§)=si11§=-‘;—3__
n) Nmeem f( g)

[T

D:

“’1§le=|

)

|I wl

( ) 1, npuueM, eciM apryMeHT cHHyca mpoberaer 3sHaueHus
T T 1|‘
OT —3 [0 3, TO 3HAYeHUS CHHYCa U3MEHHAIOTCA OT —1 mo 4+1. CiaepoBarensHo, f([—;, 3 ) =
{sinz -7 €z< 2} —1, 1]. AHanoruyHo HaxoAMM:
) (-3 3D ={<m ze]-%, 3} =1-11L

®) f ([0, £]) = {sinz:z € [0, ]} = [o, 3];
3) ([0, 2x)) = {sinz : z € [0, 27]} = [-1, 1].
u) Hockonbky sinz =0, ecau z = kw, k € Z, 10

F7Y(0) = {z : sinz = 0}.

k) Eciau sinz = %—, 10 = {(—1)"arcsin % +nr = (—1)"% +nw, n €Z. Hosromy f! (%):
(-1)"% +nr, n €L
Auanorwmo MpenpayleMy HaXOIUM:

n) 7 (_g) = {z psinz = ?} =(-1)"{ +nm n€Z;
M) 7! (g) ={zrsmr=F}=(0"F4om ez

H) CoraacHo onpegenenuso 2, . 2.2,

f_l([*l’ 1)) ={z: f(z) =sinz € [-1, 1]}.

Mokaxem, wro f~!([-1, 1]) = R. B camom nene, nycre z € f~'([-1, 1)) u a = smz Torga f(r) =
o, a € [-1, 1], a nosromy x = ((—1)" arcsin o+ nt), r € R, u, cregosatensuo, - ([ 1, 1)) CR.
Ecnu z € R TO sing € [-1,1] u z € f71{([-1,1]), . e. R C f7!([-1, 1]). Taxum obpasom,

=L )) =

o) U3 paBencrs sinz = +1 nHaxonum MHoXecTBO A = {z T = 1 +nm, n€ Z} 3HaueHHRt T,
xoTopuie He mpuHamaexat £ (] =1, 1]). Tostomy, B cuny npenbmymero nynkra, f1(]~1,1]} =
R\A.

n) Umeem ! ([0, %]) = {z:sinz € [0, %]} Hycrs z € f! ([0, % ) H o = sinz, TOrKA
a € |0, %] n z = (—1)"arcsinz + n71, n € Z.

Ilycrs n = 2k — ¢ukcupoBano, Torga £ = arcsin o + 2kxr, npuieM npu usMenenun « ot 0 go
,i; nepeMeHHOE T UaMeHsercd oT 2k7m mo (2k + 1) T, T.€. T E [2k7r (2k + 1) ]

Oycrs n = 2k +1 — duxcuposaHo, rorga ¢ = —arcsin a+ (2k+ 1), u ecau o usMensercs or 0
1o %, To MepeMeHHoe r uaMensercd ot (2k+1)7 go (Zk + e) T, T.e. T € [(Zk + 6) x, 2k + 1)7r]
Taxum o6pasom,

() e (U (e D) o (U e ).

k€Z
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CripaBepnHBo ¥ 06paTHOE BKITIOYEHHE, TIOCKOILKY NPU T € [2k7r, (2k + ;—) 7r] HIH T € [(2k+ %) ,
2k + 1)7r] 3HaUYeHHe sin T € [0, %] Mostomy

P (o) = (U e G )] o (U [+ 2) ]

15. Jokasars, yroectun f: E — F u AC E, B C E, 10 cnpaBeIMBO paBeHCTBO
f(AU B) = f(A) U f(B). )
« Coraacxo onpeneneHuio 1, m. 2.2, umeem
F(AUB)={f(z):z € AU B}.
Hycrs f(z) € f(AUB), torma c € (AUB), 1.e. 1€ AV € B. Hoectnmz € AV € B, 10
f(z) € f(A) V f(z) € f(B) u f(x) € (f(A) U f(B)). 3TuM goka3aHO BKIIOYEHHE
F(Au B) C (f(A) U f(B)) (2)

Hycrs f(z) € (f(A) U f(B)), torga f(x) € f(A)V f(x) € f(B), otkynla t € AV € B, 1. e.

z € (AU B), a nostomy f(z) € f(AUB) u
(f(A) v f(B)) C f(AU B). @)
U3 (2) n (3) nenocpencrpento cnenyer (1). »

16. Hokasars, uto ecin f: E — F u AC F, B C F, To cnpape1THBH paBeHCTBa:

a) fT(ANB)=fT(A) nfTI(B); 6) FTH(A\B) = fTHANST(B);

B) ST (AUB) =77 (A)ufT(B).

<« a) Oycts 2 € f~'(A N B), torna f(z) € (AN B), 1. e. f(z) € AN f(z) € B. Ho torna
z € f7Y(A) Az € f71(B), a cnenosarensto, ¢ € (f~'(A) N f7'(B)). Takum obpa3zoM, gokaszaHo
BKJIOYEHKe

FTHAnB) C(F7(A) n fTH(BY).

JIns moxasatenscrBa o6paTHOro BKMOMEHUs npennosoxuM, uro ¢ € (f71(A) N f~(B)). To-
rna z € f7Y(A) A ¢ € f~Y(B); orciona f(z) € A A f(z) € B, a nostomy f(zr) € (AN B) u
z € f~'(A N B). CnenosatensHo,

(A nfHB)) C £ (AN B).

s KOXa3aHHEIX BK.IIOMEHHiL clleflyeT paBeHCTBO a).
6) Hycrs ¢ € f~!(A\B), torna f(z) € (A\B), 1. e. f(z) € A A f(z) ¢ B. Ho 1orga
z € fY(A) Az ¢ f~1(B), a caenoparensuo, = € (f~ (A)\f~(B)). Takum obpasom,
F7HAB) C (FTHANTH(B)). ‘
Ecnu z € (f 7' (AN\fFY(B)), 0 ¢ € f~'(A) Az & f~Y(B). Orciona f(z) € A A f(z) € B,
1. e. 'f(z) € (A\B). Ho torna z € f~'(A\B), 4ro mokassBaeT CpaBelTHBOCTD BKIIOMEHHUS
(FTHANFTH(B)) € F71(A\B),
06paTHOro foKa3aHHOMy Bhimte. V3 9THX BKIIOYEHHMH clenyeT paBeHCTBO 6).
B) Ecu ¢ € f7'(A U B), 1o f(z) € (A U B). Orcona f(z) € AV f(r) € B, a torga
zef M A)ve G‘f"l(B), 1. e. € (f}(A) U f~Y(B)). Taxum obpasom,
FTHAUB) C (57 (A) U FTH(B)).
Ecau xe npemmonoxurs, uto ¢ € (f~'(A) U f71(B)), o z € f~(A) vz € fTY(B) u
f(z)€ AV f(z) € B wiu f(z) € (AU B), orxyna z € f'(A U B). Cnepopatenso,
(AU FTHB) CfT(AUB),
YTO BMecCTe € O6PAaTHHIM BKIIOUEHHEM PABHOCHILHO B). P

17. Tycrs' f : E — F, P — cemeiictBo nopMuoxects Muoxkectba F, Q' — cemelicrso
nogMHoxecTs MHOXecTBa F. O6o3Hauum

f(P)={f(A)eQ:A€P}, f'@Q={f'(B)eP:BeQ}).
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Hokasats, 4ro: a) ecaum Q — kouabiuo, To f~ (Q) — Takxke Koasuo; 6) ecim P — KOJBLO, TO
f(P) He 0643aTeNbHO ABILETCH KOMBUOM.

< 2) Tocxomxy @ xomsuo, 10 w3 By € @, Bz € Q cnenyer (B1 U By) € Q, (B1\B2) €Q.
Torpa, cornacHo npegsigyieMy IpUMeDY,

FFUBNU T (B) = fTY (B UB) € FHQ); BN H(B2) = fH(Bi\B2) € f1(Q),

1. e. f7Y{Q) — xoabmo.

6) Nycts E = {a, b, ¢, d}, F ={d', ¥, d'}, f(a) = d', f(b) = f(c) =V, f(d) =
P={{ab c d}, {a, b}, {c, d}, @}

saserca xonslom, onnako f({a, b})\ f({c, d}) = {a’, ¥'}\{¥, d'} = {d'} € f(P) = {{a b, d'},
{a', ¥}, {¥', '}, @}, 1. e. f(P) e sBasercs xouabuom. B

d’. CemefictBo

18. Kaxas uz yxasauunix dynxuuit f : [0, 1] — [0, 3):
a) z— 3sin Z%;

r) zr—>12(z—;-)2;

6) = tg%; B) z +— 3%; ' ;
n)z»—»S——(z—-l—)Q; e) 2z +2|-3

4

HHBEKTHBHA, cIOpbekTuBHa uiaK GuexkrupHa? [locrpours rpaduxu stux dyHKIHN.

< a) Tax kak [I% NMPOUIBOJIBHOIO y € [0, 3] ypaBHeHKHe y = 3sin "—:— MMEET eUHCTBEHHOE

peuieHue r = %arcsin %, npuHagnexamee cermenty [0, 1}, To dyHkuus z = 3sin ’;—z ABIIgEeTCA
6uexTuBHON (puc. 11).
6) Oycts y € [0, 1]. Torna ypasHenne

Tz C ,

= tg — {1

y=tg - ()

HMeeT eXMHCTBEHHOE DeleHHe T = = = arctg y, npuxajnexamee cermenty [0, 1], ecan y €40, 1].
Ecau xe y €]1, 3], 10 ypaBHeHue (1) He HMeeT pemreHuit, ipuHanrexammx [0, 1]. Crenorarensho,
ypabnenne (1) nns mo6oro y € [0, 3] umeer ne Gonee onnoro pemenus z € [0, 1], a nmosromy
dynkyus ¢ — tg ZX unnexTupHa (puc. 12). '

y y y y y y
3 3F---- 1 3 3p--~- 3F
i
' &3
] "
1} L]
! '
] ]
1k ' 1 '
] )
] [ ]
] )
[] ) .
0 x 0 1 x 0 1 x 0 1 x 0 1 x
Puc. 12 Puc. 13 Puc. 14 Puc. 15

B) Ecan y € [0, 3], To ypaBHenne y = 3° umeer He Gonee onHOro pemeHus z € [0, 1]. ‘Hiweﬂ-'ub,
npu y € [1, 3] pemennem spasercs r = log,y, a npu y € [0, 1] — pewennit ner. Cnenonare.uuo,
r — 3° — unbexuns (puc. 13). '

2
r) s ypaBuenns y = 12 (z— %) , ¥ € [0, 3], nHaxopum z, = %— %\/— = + 5\/:,
npudeM, ecau 0 < y < 3, 1o 06a KDpia; npuuaune;x,a‘lﬁlo 1] ecan y = 0 TO xop}m com‘lanalor

Ty =1z = ::,- n npuHagexar [0, 1] Cnenona’rens}(o Yye [0 3] ypaB

x) Hycrs y €0, 3]. YpaBHe}me y = 3L ( : ~—) UMeeT pellienne Iy = 3'5 < S
£ 3, npuHagaexanlee [ , i], H! peme}me T2 = 7 + \/9-3 , 0K % Kﬁﬁ .n;eexamee
[i, ] Taxum obpasom, ¥V y € [0, 3] cyy;ee’mye:r omm Wau aBa npooﬁpaaa, a noarom bynuwps

ciopbekTHBHa (pHc. 15). {LW.._“ LAY,
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e) lycrs y € [0, 3]. Torna ypaBuenwe y = 2|z +2| — 3 npu y € [1, 3] uMeer eTMHCTBEHHOE pe-
meHHe T = Lg-l-; ecau y € [0, 1], To 310 ypaBHeHHe He HMEeT pEIEHUI, TPHHATIEKAIINX CETMEHTY
[0, 1]. Caenoparensho, = + 2|z + 2| — 3 — unvekuus (puc. 16). »

19. Hana pynxuns f(z)=tgx, 3

2
. ar 5 .
4 [loxaxeM, wro manHas ¢yukums ssasercs Guexumeir f :| =%, 7"[—» R. C »1oi1 HennlO

obosMaunm £ = 27+ 7, =5 < 7 < 7. Torma ¥ y € R ypaBueHue y = tgr NPUHMMAET BHJ
y=tgr, r € ]-—”

T o .
<r < EX HalTH oOpaTHYIO eif.

3 g[ Orciona 7 = arctgy M, NMolb3yich TeM, YT0 T = 27 + T, HaXOOUM
z = 27+ arctg y; npudeM ecan y € R, ro z € %’5

A mockoanky Kaxjgomy ¥ € R cooTBercTByeT eqHHCTBEHHOE 3HaU€HHE T € ]

5
, TT [, T. €. 6HeKTUBHOCTDH (PYHKIMH yCTaHOBJIEHa.
3n

5
2 —2—[, T0 o6parHyIo

dyHK1UMIO f"l ‘R— 37”, -5—21[ olpenenseT COOTBEICTBHE Y > 27 + arctg z, £ € ] 37”, 57” [ »
20. Hanucars sBube BhIpaKeHus (pyHKUMI, 3aaHHEIX TTapaMeTpHYECKHU:
a) r=acost, y=asint, 0 <t 7 6) r =acost, y=asint, r <t < 2n (a>0).

4 a) Hockoneky pyHkuus t +— acost, t € [0, 7], aBaserca 6uekuuei [0, 7] — [~a, a],T0oV z €
[~a, a] ua paBencrBa £ = acost HAXONUM eIMHCTBEHHOe 3HaUeHUe { = arccos =, MpHHajyIexKallee
ceérmenty [0, #]. MogcraBup 9TO 3HaYeHHEe BO BTOPOE PABEHCTBO, MONYUHUM ‘

. T 2 T z2
= asin {arccos — | =ayf/1 —cos? {arccos — | =ay/1— —,
a a a

T.e y=+va? ~12, £ €[—q,ad].
6) O6osnaunum = 4+ 7 = t. Torna, ecau 7 € {0, 7], To t € [x, 27], npu 9TOM MepBOe paBEHCTBO
NPUBOIUTCSA K BHAY T = —aACOST.
Dyuruus 1+ —acos T apiAercs 6ueknueit [0, 7] — [—a, @], nosromy V z € [—a, a] naxonum
= arccos (—2) =7 - arccos® u t = 27 —arccos Z. [lofcTaBuB Hai{ieHHOe 3HaUeHHE ¢ BO BTOPOe
PaBeHCTBO, MOy UUM

y=—va® —-z2, z&l[-a,a)p»
3r 57

21. Hanucats sBHOe BHIpa)KeHMe 11d PyHKLMH f : [ 7 3

] — [47, bx), 3amaHHON HeABHO,
NMOCPENCTBOM PaBEHCTBa

. 3= 5
sint —cosy=0, <z€ [77", —;—] , ¥ €[4n, 5x). (1)
4 Hns moGoro dpukcHpoBaHHOro T € [3?", 52—"] nMeeM sinr = ¢, ¢ € [—1, 1]. Hostomy (1)

PaBHOCHJBHO YPABHEHHIO COS Y = ¢, KOTOPO€ Ha CerMeHTe [47, 57] HMeeT eAMHCTBEHHOE PelleHite.
ITHM MOKAa3aHO CyllecTBOBaHUe hyHKITHU

f: [37”, 5—;—] — [4=, 57).

Jlas 3anmucu aHajOrMHYHOro BEpaskeHHs PyHkuun f npeoGpasyeM paBeHcTBo (1) k BHAY
. . T
sIn T — sin (— - y) = 0.
2
OTtciona
ks ks
rT—s+y T+ —y
2 s 2 cos 2 =
2 2

IlpupaBuss k Hymio Ka’XAbIii MHOXHTE b, HAXOMUM [JBa 3HAMEHHA Y:

0.

y=z—12r-+2n7r, n€Z, @

y=—z+%+2n7r, neZ .. . (3)

3r 57

B cuayuae (2) us ycnosus z € |5, T] caenyer y € [(2n + 1)x, (2n + 2)7] n He NPHHATERHUT

[4, 52]Vn€Z, 1.e. y=2z— % + 2n7 He gBaderTcs 3HaueHUeM DYHKIUK f HU [IpH KakoM n € Z.
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B cayuae (3) u3 ycaoBus z € [ ,:, > ] crepyet y € [(2n — 2)w, (2n — U)x] C [47, 5x] npu n = 3.
[Ipu s1oM 3Hawenuu n u3 (3) HAXOOMM ABHOE BHIpaKeHHe DyHKHKU f

+ 137 c 3r 57
= - B T —_— —
Y Pk 27 9
YnpaskHeHHS I8 CAMOCTOATEIbHON paGoTh

19. Hlycrs oro6paxenne f: R — [—1, 1] 3aMaHO paBe}{CTBOM f(z)=cosz.
Haiknws ) 100 6) ()5 0 7 ()1 0 £(2): 2 1 (L5 2)s o (-3
x) £ ([0 6]) ) 500, 2x); w) £7(0); ) 3w () w s

o o (. £ (-, 7).

20. Jlns oro6paxkenus f: [ , g] — R, 3agaHHOro paBeHCTBAMK

;D

”»R-

a) f(z)=tgz; 6) f(z)=ctgr,

wsi £ ([0, 2]), £([0, 50), ([ 2D a0 1o ([ va]), £ ({2 1 vE)-
21. Hokasars, yroeciu f: E— F, ACFE, BCE, ro: a
a) f(AnB) C(f(A)n f(B)); 6) (f(A\f(B)) C f(A\B).
22. Nyers f: E— F, AC F, BC F. Hoxasars, uto ecin A C B, 1o f~'(A) C f~(B).
23. Jokasats, ytoecnu f: E - Fu ACE, BCF, ro:

a) ACfTU(f(A));  ©) f(fTH(B))=B; ) f(A)nB=fAnfT(B))
r) (f(A)NB=2)w (AN f7Y(B) = 2); 1) (f(4) C B) & (A C f7(B)).
24. Kakas us dpyuxuuit f: [—1, 1] — [0, 1):

a) ¢+ cos ==; 6) £ —z2 41, B) z — |z|;

r) T I n)zr-->i e) z 27!

HHBEKTMBHA, ClIOpbekTUBHa Wik GuekruBHa? [locrpouts rpaduxu.
25. Haiitu GuektuBHOe cyxenue QyHKIUA:

a) f(z)=z2% z€R; 6) f(z) =sinz, z € R; B) f(z)=cosz, z €R; ;
r) f(z)=sin f, z > 0; o) f(z) =10, z € R; e) fle)=2*+z+1, zeR

26. Haitu dyHkuun, obparHele qaHHBIM:

a) f(z)=sinzr, =z¢€ [—5‘2—”, —37”] ; 6) f(z)=sinz, z€ [g', %’L] ;
B) f(z) =cosz, =z €[27,37]; r) f(z)=cosz, z€[-Tm, —67];
H) f(z)_—-tgzy ze]'*'g‘v%l[: e) f(z)=C"gzr zé]_w’ﬂ['

27. HaiiTu sBHOe BHIpa)kKeHHe M PyHKIHHA, 3aJaHHEIX MapaMeTPUYECKH:

2at 2at? 2at 2at?
a)x:m,y=m,0<t<+oo; 6)z=ﬁ,—2,y=l+—t5, -0 <tg0 ((l>0)
28. HaifTu sBHOe BrIpakeHHe MK pynxuuu f : [r, 27] — 32”, - ] 3alaHHON HesBHO

cosz +siny=0, z €[n, 2], yE[z, 2

- 3 ©
29. Haijitu sBHOe BEIpakenue fis ¢yHkuuu f : [r, 27] — [%, —5’5] , 3alaHHOH HeABHO

T 3r

cosz+siny=0, «z€l[n, 27], yE[;,T.
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§ 3. [dedcTBUTENbHBIE YMCJIA

3.1. BunapHuie oTMoutenns ¥ GHHAPHEIE OmepalHH.

Onpepenenne 1. Bunapuwm omuouienuem s muoxecmee E naszvieaemes ecaxoe nodmmo-
wecmeo B u3 npoussedenus E x E.

Onpepnesenne 2. Bunaprnoe omuowenue R HA3LIBAENCE OMHOWEHUEM IKBUBAAEHMHOCT U
6 mnoxecmee E, ecau nodmnomecmso R:

a) pedaexcusno: (a, a) € R Va € E;

6) cummempuuno: ({(a, b) € R) = ((b, a) € R);

B) mpansumueno: {({a,b) € RA (b, c) € R) = ((a, ¢c) € R).

Bumecto (a, b) € R wacro numyr @ ~ b win a = b.

Onpenenenne 3. Bunapnoe omuowenue ) Hasvisaemcs OmHuowenuem nopaodxd 6 MHONE-
cmee E, ecau ono: _

a) pedaexcueno: (a, a) € QA Va € E;

6) mpansumueno: ((a, b) € XA (b, c) € ) = ((a, c) € Q);

B) anmucummempuuno: ((a, b)) € QXA (b, a) €2) = (a =b).

‘TIpu stom roBopsaT, uro orHomeHue €} ynopsmouuBaer E. Bmecto (q, b) € Q wacto muumyr

£b,mmmaCh.

Ec.vm Va, b € E Bcerpa (a, b) € Q nmn (b, a) € Q, 10 ropopar, uro MHoxecTBO E enoane
ynopsaoueuo.

Omnpenenenne 4. Buympenneti bunaproti onepayueti na Mnoxecmee E nasvisaemcs omo-
6paxenve f: EXE - E.

Mycrs 3agansl gBa MHoxectBa £ u F.

Onpenenenne 5. Buewneti bunapnoii onepayueti na mnokecmee E nazwisaemes omobpa-
wenue f: Ex F — E.

Onpepesenne 6. Muoxecmeo E, obaadaruee snympenneti bunapmoti onepavyuets T, naavi-
eaemcs 2pynnoti, ecau:

1) onepayus accoyuamuena: (a Th) Te=a T (b Tc) Va, b, c € E;

2) umeemcs netimparvuoidi snemenm: Je € E maxoe, umo Va € E cnpasedruso pasencmso
aTe=eTa=a; '

3) scaxuti saemenm umeem cummempuunniti: Va € E Ja € E maxoe, yumoa T @ =a T a=e.

Ecau, xpome moeo,

4) onepayus T xoMMymamuena, mo 2PYnna Ha3v6aemcs xommymamuenoti uau abereaoti.

Ecay onepauus T eCTs ClI0XeHUE, TO IPyNIa Ha3bBaeTcs addumuenotl, eciin | €CTh yMHOXKe-
HHe, TO IPYIIa HA3KIBAETCS MYAbMUNAUKANUCHO.

3.2. AKCHOMAE NOJIA NeHCTBUTEIbHEX YHCeT.

Onpenenenne 1. Muowecmso R = {a, b, c, ...} nasvisaemcsa norem Odelicmeumervuvix
(unu eetyecmeennbiz) wucenr, €cau OAR €20 INEMENMOE YCINAHOBAENBI DUNAPHBIE OMHOWENUS U
GunapHbie ONEPAYUU, NOOYUNENNDIE NEPEUUCTENNDIK HUNE AKCUOMAM.

ARCHOME! cJIOReHIs

C.0. B mHoxecrBe R onpeneieHa BHYTPeHHS S GMHapHas onepalis — CIOXKEHHE

RxR—R:(a,b)—a+b

KOTopas KaXKOQif Mape sneMeHTOB a, b € R onHO3HaMHO CTAaBUT B COOTBETCTBIE HEKOTOPHIH 3JT€MeHT
MHoxecTBa R, HasbiBaeMBIil ux cymmoti U 0603HaMaeMbiit cMMBOJIOM a+b. [1pu 9ToM BeimOAHAIOTCA
clepyiole aKCHOMBIL:

C.1. (a+b)+c=a+ (b+ c) (accounaruBnuiii 3akoH).

C.2. B R cymecrByer aneMeHT, Ha3bBaeMEIH nyaesn U 0603HavaeMblit cHMBoJoM 0, Takoif, YTo
Va €R

a+0=a.
>.3. Va € R cymecTByer rakoe uncio (—a) € R, 4To BBIMOIHAETCE PaBEHCTRO
a+(—a) =0
C4. VYa,beR
a+b=>b+a.

Takum o6pazom, MHOxkecTBO R ABliseTcs addumusnoti aberesoti zpynnotii.



§ 3. [IeficTBHTeIBHIEE YHCIA 21

ARrcHOMBI YMHOKEHNA
Y.0. B mHoxecTBe R onpenesneHa BHyTpeHHsAs GuHapHast ollepauis — yMHOMKEHMe

RxR—R:(a, b)—a-b,

B . *y
KOTopas KaXX[Ooil mape sneMeHToB @, b € R ofHO3HaYHO CTAaBHT B COOTBETCTBME HEKOTODHI aifes
MeHT MHOXKecTBa R, HasbIBaeMblit HX npouséedentiem u o6o3HaMaeMblit cuMBonoM ¢ - b. [Ipu'sTom
BHIOJHSIOTCS CIENYIOIHE AKCHOMEI: A
V1. (a-b)-c=a-{(b-c) Va, b, c € R (accounaTuBHBIil 3aKOH).
Y.2. B R cymecrpyer sieMeHT, HasbIBaeMelit edunuyeti M 0GosHavaeMbrit CHMBONIOM 1, Taxon,
410 Ya € R cnipaBennupo paBeHCTBO

a-1=a.

Y.3. Va € R\{0} cymecrpyer onement a~! € R, nassipaemuiit o6pamnsim 4HChy a, TaKoM, UTo

Y4. a-b=b-a Va,beR.

CrefoBaTeIbHO, MHOXECTBO HEHYJEBHIX DJeMEHTOB MHoXecrBa R sapiasercs Myabmun.nmca-
muenoti aberesod epynnoi.

I.1. Onepauus yMHOKEHUS JUCTPUGY THBHA OTHOCHTEIBHO CIOXEHHH, T. €.
a-(b+c)=a-b+a-c Va,bceR.

Muoxecrso {a, b, ¢, ...}, ynobrersopsiomee akcuomam C, Y u [], HazsKBaeTcs YUcAo6viM no-
Aem. DTO Ke MHOXKeCTBO 6e3 akcHoMBl Y.4 Ha3bIBA€TCA MEAOM.

AxrcuoMs: mopagra

I1.0. B muoxecrBe R 3agano orHomenue €, Kotopoe BIOJIHe ynopsgouusaer R:

II.1. @ < a Va € R (pedaexcusrocrs).

.2 (a<bAb<a)= (a=1b) (aHTHCHMMETPHUHOCTS). “

I1.3. (a<bAb<c)=(a<c) (TPaHSUTHBHOCTS). ‘

I1.4. Va, b € R win a < b, nam b < a, niau o u apyroe.

Crenyoume KBe akCUOMH CB#3HIBAIOT OTHOIIEHME TOPAKAa U GMHapHHe onepauun:

MM.1. Ecan a, b, ceR u a <b, Toa+c L b+ec.

M.2. U3 0 < @ u 0K b cnepyer 0 < ab Va, b€ R.

AxcnoMa o BepxHeH rpaHH L

Onpenpenenne 2. Muoxecmeo A C R nasvieaemcs oepantiuenusim ceepry, ecay cywyecmsy-

em anemenm M C R maxod, wmo a < M Ya € A, npu smom wucao M wnasvieaemcs eepamett .

zparblo MHoxecmea A. C T
Onpepenenue 3. Bepanas epane M* muomecmea A nazvieaemcs mounoii eeprueti 2pansvio

muoxecmed A, ecau ecaxas dpyzas eepInan zpans M mnomecmea A ne menvwse wucaa M*..
Tounas BepxHss rpaHs MHOXecTBa A o6o3Hauaercs cHMBOJOM sup A.

B.0. Bcakoe orpannyentoe ceepxy mMHoxectBo A C R HMeeT TOYHYIO BEPXHIOIO I'PaHsb.
3.3. Pacutmpennoe MHOXecTBO NeHiCTBHTEIBHRX UUcel. o

Omnpepenenne. Muoxecmeo R = RU {—o0, +00}, cocmosujee u3z snemenmos muonecmea R
U J8YT CUMBON06 —00 U —+00, HA3LIBAEMCR pacuiupennoti cucmemoti delicmeumeabRbIT ylced;
NPUNEM BBINOAHANMCA CREOYOUIYE YCAOCUSR: !

a) —o0 < a < 400,

a a
a—00=—00, &+ 00 =-+00, Q_ﬁ_ﬂ Va € R;

6) ecau a >0, mo a-(—00) = ~o0, a - (+0) = +o0;

B) ecatt a < 0, mo a - (—0) = 400, a - (+x0) = —o0.

CuMBOI —o0 +00 HaseBaerct mMunyc {(nawc GecKOHEUHOCTHIO.
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3.4. OCHOBHHKe XapaARTEPHCTHKH JEHCTBHTEILHOTO YHCIA.

Bynem ans npocrorsl 06o3Hauats yepes R odnospemenno muoxecmeo 6cex deticmeumenbnoix
qUCEA, YnopRAIOUERNOE NPOCPANCME0 JetCMEUMEALHBIT YUCEa U YnopRJouernoe noie deticmeu-
MEABLHDBIT YUCEA, PAIAUYGR CHBICA 0603HaAUERUR o mexcmy uasoxenus. Hanpumep, ecau 3anucano
z € R, 10 3mecs R — MHoxecTBO meficTBUTENbHBX uncel. Ecau ckasano, yto ¢ < y B R, To mop
R noxuumaem ynopapovyennoe npoctpatcrso. Hakomen, ecaun sanucano £+ y < z B R, 10 R o3na-
“aeT YNOopAgoueHHOe ToJIe TEHCTBUTENLHEIX YMcel. B ciyyae, eciu Mo TeKCTy M3I0KEeHUS He HCEH
cMHCcH o603nauenms, To GyneM nonb3oBarbca Hollee CIOXHBMH 0603HAYEHUIMMU.

Haa neMcTBUTENLHO O YUCIa T BBEEM CIENyIOIMe XapakTePUCTUKN: |¢| — Moiyls &, sgn & —
snak z, £t — nomoxkurearHas uacrb T, £~ — oTpMUaredbHas 4acTh r. OHM BBOJATCS MO NMpa-
BHIAM: .

1 ecmmzr >0
z, ecmz 2 0, ’ !
lz| = sgnz=4 0, ecamz=0,

—z, ecanz <90 -1, ecamz < 0;
y b

+ z, ecamz >0, - 0, ecmuz 2 0,
0, ecmuz £ 0; -r, ecaus < 0.

OueBMaHbE crefyoNMe COOTHOMEHHS MeXly 3TUMHU xapaxTepHcTukamu Vr € R:

z=|z|sgnz, |v|=zsgnz, z=2%-2z7,
lo| =2t +2-, ot=l2ltz - _lol=e (1)
2 2
Hpu pemenu 3agay 4acro IPpUMEHAIOTCH HEpPABECHCTBA&
—lzg| €~z €z <zt sl Jg| 20, z¥ 20, 2720 (2)

BMecre ¢ yxasaHHBIMM XapaKTepUCTHKAMM TOJE3HO TakXke paccMoTpeTk dynxuud R — R :
g+ 2|, z++sgnx, 2 — zt, £ — ¢, rpaduxu xoToprix nsobpaxenn Ha puc. 17—20. Ilepsas u
propast (byHKIUM ABAAIOTCA MYIBTUILIMKATMBHLIMM 0TOGpa’keHUSMH, MOCKOJIBLKY M3 ONPeReIeHUs
ITHX (PYHKIUIL CAENYIOT PaBEHCTBA

|yl = |||y, sgn(zy) = (sgnz)(sgny) V(z €R, y €R).

Kaskgad us yxaszaHHBIX HKUMIH, 32 MCKIIOYeHMeM “sgn”, o6lanmaer cBOMCTBOM: MHOXECTBO
y y s ’

TOYeK, PACNONOKEHHBIX BhIIE €€ IpadUKa, ABAAETCH BBIMYKJIbIM, T. €. €ClM JBe TOUKM Ha IIOCKO-
CTM PacCnofoskeubl BhIlle Tpaduka GyHKUMM, TO M BCe TOUKH OTPE3KA, COCAUHSAIONIETO MX, TaKKe
pacnonokennl phitite. Takue PyHKIMHM Ha3KBaIOTCH 6binyxammt. Ecin dynxuus f onpeneneHa Ha
uHcaoBoi npsMoit R u aBaserca sumykinoi, To Y(z; € R, 22 € R) Brnoansercs HepaBeHCTBO

f(xl—;m) < f(m);rf(rz)_ (3)

OT0 HepaBeHtTBO OYEBHHO: €r0 JeBasd YaCTh €CTh OpAMHATa TOYKM rpaduxa ¢ abcLuccon 1‘:’2 ,
a mpaBasg 4aCTh — OpIMHATA TOUYKU OTPE3Ka C TOM ke abcumccoit, pacnoloskeHHOr o BHIIE rpaduka
(puc. 21). Bunyxanie ¢pynxunn 6ynyt nogpobio usydenn s § 5, ra. 7.

IIpumenus HepapencTro (3) x BHIMyKJIEIM dymxumam z — |z|, £ — =
Ba’XKHLIE€ OLEHKM

*, £ — &7, moayunm

le+yl <zl +lyl, @+t <t +yt, @+y) <" +y, (4)

cnpasenausuie Y(z € R, y € R).

M3 Bcex nepeuNcAeHHEIX XapakTEPUCTUK AENCTBUTENLHOTO YHCIa Hanbolee BaskHoM sBIseTCS
€r'o MOQyIb. Hon OCHOBHBIMH CBOﬁCTBaMH MOAYJadA YUCIa NOHUMAIOT CAeAYIolUe:

1)Vz eR (jz| =0) = (z =0);

2) V(A €R, £ €R) |Az| =|A||=];

) V(z €R, y €R) |z +yl <zl +yl.

. Hocnenmee HepaBeHCTBO HA3LIBAETCH REPABENCMEOM MPEYZOALRUKG, TIOCKOABLKY OHO HMEET I'eo-

MeTpH1eckHii cMbich B ciyHae, korfa ¢ € C, y € C (em. § 4).
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3.5. MeTog MaTeMaTHYeCKOH HHYKI[HH,

Hycre sanuce A(k) osHavaer, 4To BhiCka3nBaHMe A MCTMHMO NpH ykasanwoMm k € N. Cy'rb
METORAa MaTEMaTHYECKOM UHAYKIUU B CAERYIOIEM:

(A(1) A (A(k) = A(k +1) Vk EN)) = (A(n) Vn EN).

y y
I [~ e ——
PN
0] X
0 X
——— —1
Puc. 17 Puc. 18
y M,
)
Y y M v
Lo
R
x,tx,
01 X 0 X 0f xmEmAE X
Puc. 19 Punc. 20 Puc. 21

22. Joxasats, uTo B MHokecTBe R MMeloTcs equHCTBEHHREIE HYIb K €AMHMUILA.

< [Ipeanonoxum, uto B MHoxecTBe R umeerca gsa Hyns 0; u 02. ‘Torma, cornacHo akcHoMaM
C.2 u C.4, umeem

01 =01 4+ 02 =02 4+ 0y = 0.
Ananornuno, eciv 17 n 1, emuuuus 8 R, To, corfacuo ¥.2 u V.4,
L= -la=1 - 11 =12. »

23. Hokasars, uro: a) ypasuenue a + z = b nMeer equncrsentoe pemenue z = —a + b; 6)
ypaBHeHUe ar = b MiMeeT eAUHCTBEHHOE PellieHNe T = a”'b. .

<« a) Yncno —a + b ynosrersopsier ypasHenuio a + £ = b. B camoM pene: a + (—a + b)’ =
(e +(—a))+b=0+b=>. [Ipyrux pemenuii ner. [leiicreurensno, ectu r € R — apyroe peurenne,
TO

—a+b=—-a+b,

—-a+(a+x) =—a+b,

(—a+a)+xr==a+d,

0+ =2=—a+b.
6) Ananorumyno uncio a”'b yROBNeTBOpseT ypasHeHuIo azr = b:
a(@'b)=(a-aNb=1-b=b-1=b.
Eciu r € R — xakoe-nu6o npyroe pemeHue ypapHenus ar = b, To

a”'b=a"'b, a—l(a:r) =a"'h, (a7'a)z=a""b,
l-z=a"'% z=a"'%.»

24. Dnement a € E HaskiBaeTCs pe2yaapibiM oTHOCUTENBHO BHYTPeHHel Gm{apﬂou onepaluuu
T,ectuVz,ye F

@Tz=eTYA(zTa=yTa)=>z=y. :
Hoxaszats, uTo BCaxuit aneMent ¢ € R perynapen oTHOCMTENBLHO CIOKEHHH, a ‘BeAxHil’ Héﬂyne-
BOM 2seMeHT ¢ € R peryaspen oTMOCUTENBHO yMMOXKEHMA. w






